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COMPLETE RICCI SOLITONS VIA ESTIMATES ON THE SOLITON
POTENTIAL
MATTHIAS WINK
Abstract. In this paper a growth estimate on the soliton potential is shown for a large
class of cohomogeneity one manifolds. This is used to construct continuous families of
complete steady and expanding Ricci solitons in the set-ups of Lu¨-Page-Pope [LPP04]
and Dancer-Wang [DW11]. It also provides a different approach to the two summands
system [Win17] which applies to all known geometric examples.
1. Introduction
A Ricci soliton is a Riemannian manifold (M,g) together with smooth vector field X
on M satisfying the equation
Ric+
1
2
LXg +
ε
2
g = 0
for some ε ∈ R, where LXg denotes the Lie derivative of the metric g with respect to X.
It is called non-trivial if X does not vanish identically and gradient if X is the gradient
of a smooth function u : M → R. Furthermore, it is called shrinking, steady or expanding
depending on whether ε < 0, ε = 0, or ε > 0.
Ricci solitons characterise self-similar solutions to the Ricci flow and are therefore
natural generalisations of Einstein metrics. One approach to constructing Ricci solitons
uses Ka¨hler geometry. A Ricci soliton is Ka¨hler if there exists a complex structure on
M such that the metric g is Ka¨hler and the vector field X is holomorphic. In this case
the theory of complex Monge-Ampe`re equations and its connection to K-stability provide
tools that have successfully been applied to show the existence of Ka¨hler Ricci solitons in
various settings, e.g. [WZ04], [IS17], [CS17].
This paper on the other hand uses the theory of cohomogeneity one manifolds to give
constructions of non-Ka¨hler examples. In this case many of the known examples are
of warped product type [DW09a], [DW09b], [BDGW15], [BDW15]. These include in
particular the Bryant soliton [Bry] and Ivey’s [Ive94] generalisations thereof as well as
the expanding Ricci solitons of Gastel-Kronz [GK04]. On the other hand, Hamilton’s
cigar [Ham88] is Ka¨hler. Families of steady and expanding Ricci solitons on non-trivial
bundles where described in [Win17].
On complex line bundles over CPn explicit Ka¨hler Ricci solitons have been described
by Cao [Cao96] and Feldman-Ilmanen-Knopf [FIK03]. More generally, on a complex line
bundle over a Fano Ka¨hler Einstein manifold, whose Euler class is a rational multiple of
the first Chern class of the base, a family of complete non-Ka¨hler steady Ricci solitons
was constructed by Appleton [App17] and Stolarski [Sto17]. On some of these bundles,
Appleton has also found non-collapsed examples. This paper extends their result about
the existence of non-Ka¨hler Ricci solitons to the expanding case.
More generally, it will be shown that the examples of steady and expanding Ka¨hler
Ricci solitons on complex line bundles over products of Fano Ka¨hler Einstein manifolds
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due to Dancer-Wang [DW11] appear amongst continuous families of non-Ka¨hler Ricci
solitons.
Theorem 1.1. Let L be the total space of a complex line bundle over a product of Fano
Ka¨hler Einstein manifolds with m ≥ 1 factors whose Euler class is a rational linear com-
bination of the first Chern classes of the base manifolds. Then there exist an m-parameter
family of complete non-trivial steady and an (m + 1)-parameter family of complete non-
trivial expanding gradient Ricci solitons on L.
The existence of Einstein metrics on the total space L of complex line bundles over
Fano Ka¨hler Einstein manifolds was discussed in the seminal work of Berard-Bergery
[BB82]. Generalising this set-up in a different direction, Lu¨-Page-Pope [LPP04] considered
Einstein metrics of warped product type on Sm × L for m > 1 and found complete Ricci
flat metrics. In fact the sphere can be replaced by any other Einstein manifold of positive
scalar curvature. All of these examples also support complete steady and expanding Ricci
solitons.
Theorem 1.2. There exist continuous families of complete non-trivial steady and ex-
panding gradient Ricci solitons on any product L× Sm of a sphere Sm, m > 1, with the
total space L of a complex line bundle over a Fano Ka¨hler Einstein manifold M such that
the Euler class of L is a rational multiple of the first Chern class of M.
In all the examples above, there is a circle fibre that collapses to a point. The methods
of this paper can also be applied if there is a collapsing sphere. As an example, the two
summands case of [Win17] will be revisited and the results will be extended to a larger
parameter range. In particular, all low dimensional examples that are induced by the
generalised Hopf fibrations are covered.
Theorem 1.3. There exist a 1-parameter family of non-homothetic complete steady and
a 2-parameter family of non-homothetic complete expanding Ricci solitons on the vector
bundle associated to the group diagram
(G,H,K) = (Sp(1) × Sp(m+ 1), Sp(1) × Sp(1)× Sp(m), Sp(1) × Sp(m))
for all m ≥ 1.
The examples with m ≥ 3 where already discussed in [Win17], which uses a technique
that applies to both Ricci solitons and Einstein metrics.
In contrast, the constructions in this paper are based on a growth estimate for the
soliton potential on cohomogeneity one manifolds with a singular orbit. If the Ricci
soliton metric is complete, it is known that in the steady case the potential has linear
growth at infinity [BDW15] whereas in the expanding case it has quadratic growth at
infinity [BDGW15].
However, in the construction problem for Ricci solitons, completeness cannot be as-
sumed a priori. If the metric on the cohomogeneity one manifold remains in diagonal
form and the shape operator of the principal orbit is positive definite, which is the case
in all currently known examples, then theorem 2.4 guarantees immediate linear growth
of the soliton potential with a prescribed growth rate provided that a condition on the
second derivative of the soliton potential at the singular orbit is satisfied. This in turn
can be used to construct complete Ricci solitons.
Structure of the paper. The proof of the growth estimate in theorem 2.4 as well as
the necessary background from the theory of cohomogeneity one Ricci solitons will be
explained in section 2. The applications to theorems 1.1, 1.2 and 1.3 will be presented in
section 3.
Acknowledgements. I wish to thank my PhD advisor Prof. Andrew Dancer for constant
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2. Growth of the soliton potential function
2.1. Cohomogeneity one Ricci solitons and an estimate on the soliton potential.
Suppose that (Mn+1, g) is a Riemannian manifold and G a compact Lie group acting
isometrically on M. In the following the existence of a singular orbit will be assumed
and let K ⊂ H ⊂ G denote the isotropy groups of the principal and singular orbit,
respectively. As every non-trivial steady or expanding Ricci soliton is non-compact, the
orbit space will be assumed to be isometric to [0, T ), for some T > 0. A choice of a unit
speed geodesic onM then induces a G-equivariant diffeomorphism Φ: [0, T )×G/K →M0
onto the union of all principal orbits M0 and the pullback metric is of the form dt
2 + gt
for a 1-parameter family of metrics gt on the principal orbit P = G/K.
The shape operator Lt of the hypersurface Φ({t}×P ) will be regarded as a gt-symmetric
endomorphism of TP which satisfies g˙t = 2gtLt and rt is the Ricci endomorphism cor-
responding to gt. Suppose that u is a G-invariant function on M. It follows from results
in [DW11] that, due to the existence of a singular orbit, the gradient Ricci soliton equa-
tions for (M,g, u) reduce to the ODE system
− tr(L˙t)− tr(L2t ) + u¨+
ε
2
= 0,(1)
rt − tr(Lt)Lt − L˙t + u˙Lt + ε
2
I = 0.(2)
Conversely, if the metric is at least C2-regular and the soliton potential is of class C3, then
a solution to these equations with g˙t = 2gtLt induces the structure of a smooth gradient
Ricci soliton on M. Furthermore, any C3-regular gradient Ricci soliton has to satisfy the
conservation law
(3) u¨+ (−u˙+ tr(L))u˙ = C + εu
for some constant C ∈ R. It follows from the Ricci soliton equations that the conservation
law also takes the form
(4) tr (rt) + tr(L
2)− (−u˙+ tr (L))2 + (n− 1)ε
2
= C + εu.
Remark 2.1. Let dds =
1
−u˙+tr(L)
d
dt and L = 1−u˙+tr(L) . Then a direct calculation based
only on the Ricci soliton equations shows that
1
2
d
ds
C + εu
(−u˙+ tr(L))2 =
(
tr(L)
−u˙+ tr(L) − 1
)
ε
2
L2
+
C + εu
(−u˙+ tr(L))2
(
tr(L2)
(−u˙+ tr(L))2 −
ε
2
L2
)
,
d
ds
(
tr(L)
−u˙+ tr(L) − 1
)
=
(
tr(L)
−u˙+ tr(L) − 1
)(
tr(L2)
(−u˙+ tr(L))2 −
ε
2
L2 − 1
)
+
tr(L2) + tr(rt)
(−u˙+ tr(L))2 − 1 + (n− 1)
ε
2
L2.
The conservation law (4) connects the two equations and identifies two loci inside phase
space: The two loci{
tr(L)
−u˙+ tr(L) < 1 and
tr(L2) + tr(rt)
(−u˙+ tr(L))2 + (n− 1)
ε
2
L2 < 1
}
,{
tr(L)
−u˙+ tr(L) = 1 and
tr(L2) + tr(rt)
(−u˙+ tr(L))2 + (n− 1)
ε
2
L2 = 1
}
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are preserved by the Ricci soliton ODE if ε ≥ 0. The first locus in fact contains all
trajectories corresponding to complete steady or expanding Ricci solitons and the second
locus corresponds to Einstein trajectories with non-positive scalar curvature.
After changing u by an additive constant, one may assume that u(0) = 0. Then the
soliton potential has to satisfy the smoothness conditions
(5) u(0) = 0, u˙(0) = 0, u¨(0) =
C
dS + 1
at the singular orbit, where dS denotes the dimension of the collapsing sphere H/K.
It follows from bounds on the scalar curvature due to Chen [Che09] that any non-trivial
complete steady or expanding Ricci soliton has to satisfy C < 0. Furthermore, even along a
possibly incomplete solution to the steady or expanding Ricci soliton equations with C < 0
in (5), the soliton potential is strictly decreasing and sufficient conditions for concavity
are known, cf. [BDW15][Propositions 2.3 and 2.4] and [BDGW15][Proposition 1.11]. For
the convenience of the reader, the proofs will be summarised in a single argument:
Proposition 2.2. Along any Ricci soliton trajectory with ε ≥ 0 and C < 0 in (5) that
corresponds to a cohomogeneity one manifold of dimension n+ 1 with a singular orbit at
t = 0, the soliton potential satisfies u(t), u˙(t) < 0 for all for t > 0 and also u¨(t) < 0 if
ε > 0 or ε = 0 and Lt 6= 0 for all t > 0.
Proof. It follows from the initial conditions (5), that the claim is true for t > 0 small
enough. Suppose that u˙(t0) = 0 and u˙(t) < 0 for t ∈ (0, t0). Then it follows that u(t0) < 0
and u˙(t0) ≥ 0. However, the conservation law (3) implies the contradiction
0 ≤ u¨(t0) = C + εu(t0) < 0.
Therefore there holds u˙(t) < 0 for t > 0 and hence also u(t) < 0 for t > 0. Finally, to
prove concavity, differentiate the conservation law to get
0 =
d3
dt3
u+ (−u˙+ tr(L))u¨− εu˙+ (−u¨+ tr(L˙))u˙
=
d3
dt3
u+ (−u˙+ tr(L))u¨− εu˙+ (− tr(L2) + ε
2
)u˙
=
d3
dt3
u+ (−u˙+ tr(L))u¨− (ε
2
+ tr(L2))u˙.
Therefore, if there is t1 > 0 such that u¨(t1) = 0 then
d3
dt3
u(t1) < 0. By continuity this in
turn implies that u¨(t) < 0 for all t > 0. 
If the Ricci soliton is complete then the soliton potential is also necessarily concave
in the steady case because the mean curvature of the principal orbit is then always
positive and the following growth estimates on the potential have been established in
[BDW15][Proposition 2.4] and [BDGW15][Equation (1.10) and Proposition 1.18]:
Proposition 2.3. Consider a non-trivial complete cohomogeneity one gradient Ricci
soliton with singular orbit of dimension n+ 1 and integrability constant C < 0.
In the steady case it follows that tr(Lt) > 0 for all t > 0 and
−u˙(t)→ √−C and u¨(t)→ 0
as t→∞ whereas in the expanding case, given any t0 > 2
√
5/ε it follows that
9
10
ε
2t +
√
n ε2 +
√−C
ε
2 t0 +
√
n ε2 +
√−C (−u˙(t0)) < −u˙(t) <
ε
2
t+
√−C
for all t ≥ t0. The second inequality holds in fact for all t ≥ 0.
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However, when investigating the Ricci soliton equations in order to construct new
examples, the above estimates are not available a priori because the trajectory may not
correspond to a complete Ricci soliton.
Therefore it is essential that theorem 2.4 does not assume that the Ricci soliton is
complete. Furthermore, the growth rate of the soliton potential can also be prescribed for
small times t > 0 when the existence of a solution to the Ricci soliton equations is a priori
only guaranteed by short time existence results, e.g. [Buz11]. In contrast, proposition 2.3
gives estimates on the asymptotics for large times.
Theorem 2.4. Let (Mn+1, g, u) be a steady or expanding gradient Ricci soliton which is
of cohomogeneity one under the isometric action of the compact Lie group G. Suppose an
isometric parametrisation Φ: (0, T )×P →M0 of the union of all principal orbits M0 has
been chosen and the pullback metric is given by dt2 + gt. Suppose that there is a singular
orbit G/H at t = 0 and that the isotropy representation of P = G/K is monotypic, that
is, it decomposes into pairwise inequivalent AdK-invariant irreducible summands.
Fix t∗ ∈ [0, T ) and c∗ > 0. Suppose that the Killing form B of g satisfies − trgt∗ (B) < c∗
and that the shape operator Lt of the hypersurface Pt = Φ({t}×P ) is positive definite for
all t ≥ t∗.
Then for all c > 0 and for all τ ∈ (t∗, T ) there exists a constant C0 ≤ 0 depending only
on c∗, c, τ − t∗ such that −u˙(t) ≥ c on [τ, T ) provided that u¨(0) < C0.
Notice that in applications to constructions of Ricci solitons the condition u¨(0) < C0
can simply be imposed.
Remark 2.5. The assumption of a monotypic isotropy representation can be relaxed. It
suffices that the metric and the Ricci tensor can be diagonalised with respect to the same
decomposition of the isotropy representation for all t as in (9).
The theorem even applies to classes of manifolds which are just foliated by hypersur-
faces. These hypersurfaces may not be homogeneous but a similar structure theory has
to apply. In particular the metric on the hypersurfaces has to satisfy a decomposition
similar to (9) so that the Ricci soliton equations have the same form as if they came from
a cohomogeneity one manifold. An example of this situation is considered in section 3.2.
The assumption of positive definiteness of the shape operator is a natural in the sense
that it holds in all currently known examples.
2.2. Preparation for the proof: Scalar curvature of homogeneous spaces. The
proof of theorem 2.4 involves an analysis of the scalar curvature st = tr(rt) of the principal
hypersurface Pt. This relies on the structure theory for homogeneous spaces, cf. [WZ86],
[Bes87], [PS97], [Bo¨h05], applied to the principal orbit P = G/K. Since G is assumed
to be compact, there exists a biinvariant scalar product b on the Lie algebra g of G.
Furthermore, g decomposes into AdK-invariant, b-orthogonal summands g = k ⊕ p and
G-invariant metrics on G/K correspond to AdK -invariant inner products on p.
Let B(X,Y ) = tr(ad(X)◦ad(Y )) be the Killing form of g, 〈·, ·〉 an AdK -invariant inner
product on p and eα an 〈·, ·〉-orthonormal basis of p. Then the scalar curvature s of G/K
with respect to 〈·, ·〉 is given by
s = −1
4
∑
α,β
〈[eα, eβ ]p, [eα, eβ ]p〉 − 1
2
∑
α
B(eα, eα),
where [·, ·]p is the projection onto p. By further decomposing p, this description can be
refined. Suppose that
(6) p = p1 ⊕ . . .⊕ ps
is a decomposition of p into b-orthogonal, AdK-irreducible summands. In fact, for any
AdK-invariant inner product on p there exists such a decomposition which moreover
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satisfies
〈·, ·〉 = x1b|p1 ⊥ . . . ⊥ xsb|ps
for some x1, . . . , xs > 0. This decomposition may not be unique.
Suppose that the 〈·, ·〉-orthonormal basis {eα} is adapted to the decomposition (6).
That is, eα ∈ pi for some i and there holds α < β if i < j. Then the coefficients defined
by Aγαβ = b([eα, eβ ], eγ) satisfy [eα, eβ]p =
∑
γ A
γ
αβeγ and the structure constants of the
decomposition are given by [ijk] =
∑
(Aγαβ)
2, where the sum is taken over all indices α,
β, γ such that eα ∈ pi, eβ ∈ pj and eγ ∈ pk. Notice that the structure constants [ijk]
dependent on the decomposition of p but are independent of the choice of the orthonor-
mal basis. Furthermore, Aγαβeγ is skew-symmetric in all three indices and hence [ijk] is
symmetric in all three indices.
Let di = dim pi and B|pi = −bib|pi . Then it follows that bi ≥ 0 with bi = 0 if and only
if pi ⊂ z(g) and [ijk] ≥ 0 with [ijk] = 0 if and only if b([pi, pj ], pk) = 0. Furthermore, the
scalar curvature of G/K with respect to the inner product 〈·, ·〉 can now be written as
(7) s = −1
4
∑
i,j,k
[ijk]
xk
xixj
+
1
2
s∑
i=1
dibi
xi
.
More generally, the Ricci operator is given by
(8) r|pi =

12 bixi −
1
2di
s∑
j,k=1
[ijk]
xk
xixj
+
1
4di
s∑
j,k=1
[ijk]
xi
xjxk

 idpi .
Remark 2.6. Wang-Ziller [WZ86] have shown the following relation between the struc-
ture constants. For any 1 ≤ i ≤ s there holds∑
j,k
[ijk] = di(bi − 2ci),
where the constants ci ≤ 0 describe the Casimir operator Cpi,bk . By definition one has
Cpi,bk = −
∑
i ad(zi) ◦ ad(zi) for any b-orthonormal basis {zi} of k. However, due to the
irreducibility condition it satisfies Cpi,bk = ci idpi . Moreover, one has ci = 0 if and only if
pi is contained in the subspace p0 which satisfies AdK|p0 = id|p0 .
2.3. Proof of the growth estimate theorem 2.4. The assumption of a monotypic
isotropy representation in theorem 2.4 guarantees that the same decomposition (6) can
be chosen to diagonalise the metric on the hypersurface for all t. More generally, it is
enough to assume that the metric is given by
(9) gt = f
2
1 (t)b|p1 + . . .+ f
2
s (t)b|ps
for all t. Notice that then the Ricci operator (8) also diagonalises with respect to the same
decomposition. Moreover, the shape operator satisfies
L = diag
(
f˙1
f1
idp1 , . . . ,
f˙s
fs
idps
)
since g˙t = 2gtLt.
By assuming fi > 0 the shape operator L is positive definite if and only if f˙i > 0 for
all i. Moreover, one can assume that u(0) = 0. The smoothness conditions of u at the
singular orbit are hence given by u˙(0) = 0 and (dS + 1)u¨(0) = C, where the constant C
appears in the conservation law (3).
Observe that the Ricci soliton equations (1), (2) imply
u¨ = tr(L2)− (−u˙+ tr(L)) tr(L) + tr(r) + (n− 1)ε
2
.
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Combining this with the conservation law (3), it follows that on any C3-cohomogeneity
one Ricci soliton there holds
(10) 2u¨ = (dS + 1)u¨(0) + εu+ u˙
2 + tr(L2)− (tr(L))2 + tr(r) + n− 1
2
ε.
In order to estimate the quantities in this equation, firstly recall that in the steady
and expanding case, ε ≥ 0, the soliton potential is negative for all t > 0 according to
proposition 2.2. Secondly, it follows from the structure of the scalar curvature of Pt in (7)
that tr(rt) ≤ 12
∑
i
dibi
f2i (t)
. Thirdly, observe that as long as the shape operator L is positive
definite one has f˙i > 0 and hence
tr(rt) ≤ 1
2
∑
i
dibi
f2i (t∗)
= −1
2
trgt∗ B
for all t ≥ t∗. Positive definiteness of L also implies that tr(L2)− (tr(L))2 ≤ 0. Let a > 0
and suppose that (dS + 1)u¨(0) +
c∗
2 + (n− 1) ε2 < −a. Then it follows that
u¨(t) ≤ −a+ 1
2
u˙2(t)
for all t ≥ t∗. It is useful to note that despite the singularity of (10) at t = 0, if the
assumption − trgt∗ (B) < c∗ already holds at t∗ = 0, then the above estimate on u¨ also
holds at t = 0.
If −u˙(t∗) ≥ c then the claim follows from the concavity of the soliton potential due to
proposition 2.2. Otherwise, one can assume that a > c
2
2 and the claim then follows from
the comparison principle for ODEs and remark 2.7 below. 
Remark 2.7. Let a > 0. The initial value problem
y′ = −a+ y
2
2
and y(s∗) = y∗
is solved by y(s) =
√
2a tanh(
√
a
2 (s∗ − s) + arctanh( y∗√2a)) if −a+
y2
∗
2 < 0.
Fix c > 0, s0 > s∗ and suppose that 0 ≤ −y∗ ≤ c. Then there exists an a0 ≥ 0
depending only on c, s0−s∗ such that for all a > a0 the solution to the above initial value
problem satisfies −y(s) ≥ c for all s > s0.
This argument generalises an observation of Appleton [App17] for the soliton potential
of steady Ricci solitons on complex line bundles over Fano Ka¨hler Einstein manifolds.
3. Applications
In this section theorem 2.4 will be used to construct new examples of complete steady
and expanding Ricci solitons in the following geometric situations: The Dancer-Wang set-
up [DW11], where previously only explicit Ka¨hler Ricci solitons were known, the examples
associated to Lu¨-Page-Pope [LPP04], who described explicit Ricci flat metrics, and the
two summands case [Win17], where now all low dimensional examples are covered.
3.1. Revision of the two summands case. This section revisits the construction of
complete steady and expanding Ricci solitons in the two summands case [Win17]. In this
case the isotropy representation of P = G/K decomposes into two inequivalent AdK-
invariant irreducible summands p = p1 ⊕ p2. Suppose that b is a biinvariant metric on G
which induces the metric of constant curvature 1 on H/K. If p1 and p2 correspond to the
tangent spaces of the collapsing sphere H/K and the singular orbit G/H, respectively,
then metric on the principal orbit is given by
gt = f1(t)
2b|p1 + f2(t)
2b|p2
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and the Ricci soliton equations take the form
u¨ =
2∑
i=1
di
f¨i
fi
− ε
2
,
d
dt
f˙1
f1
= −(−u˙+ tr(L)) f˙1
f1
+
ε
2
+
A1
d1
1
f21
+
A3
d1
f21
f42
,
d
dt
f˙2
f2
= −(−u˙+ tr(L)) f˙2
f2
+
ε
2
+
A2
d2
1
f22
− 2A3
d2
f21
f42
,
where di = dim pi, and the constants Ai ≥ 0 are induced by the Riemannian submersion
(G/K, b|p)→ (G/H, b|p2). If ||A|| is the norm of the associated O’Neill tensor and RicG/H
is the Einstein constant of (G/H, b|p2), then one has A1 = d1(d1−1), A2 = d2RicG/H and
A3 = d2||A||2. In the following, A2, A3 > 0 will be assumed.
In order to smoothly extend the metric and the soliton potential past the singular orbit,
impose the conditions
f1(0) = 0, f˙1(0) = 1 and f2(0) = f¯ > 0, f˙2(0) = 0,(11)
u(0) = 0, u˙(0) = 0, (d1 + 1)u¨(0) = C ≤ 0
at the singular orbit, where C is the constant appearing in the conservation law (3).
Higher regularity of the solution then follows from elliptic regularity, cf. [Buz11]. In
particular, any solution is uniquely determined by fixing f¯ > 0 and C ≤ 0 and if C = 0
the trajectory is automatically Einstein. Recall that according to results of Chen [Che09]
any complete steady and expanding Ricci soliton with u(0) = 0 necessarily satisfies C ≤ 0.
Fix ε ≥ 0. Observe that then (d1+1) f¨2(0)f2(0) = ε2+
A2
d2
1
f¯2
> 0 and thus there holds f˙2(t) > 0
for sufficiently small t > 0. A key step in the proof of completeness of the corresponding
Ricci soliton metrics is to show that f˙2(t) > 0 holds in fact for all t > 0. Since f˙1 > 0 is
immediate, this also implies that the shape operator L = diag
(
f˙1
f1
idd1 ,
f˙2
f2
idd2
)
is positive
definite. In order to prove that f˙2 > 0 is preserved if ε ≥ 0, it suffices to show that
ω =
f1
f2
<
√
A2
2A3
is preserved if ε ≥ 0. To this end, observe that ω satisfies
d
dt
ω = ω
{
f˙1
f1
− f˙2
f2
}
,
d2
dt2
ω = ω˙
{
f˙1
f1
− f˙2
f2
− (−u˙+ tr(L))
}
+
ω
f21
{
A1
d1
− A2
d2
ω2 +A3
(
1
d1
+
2
d2
)
ω4
}
and the initial conditions ω(0) = 0 and ω˙(0) = f¯−1.
The function f(ω) = A1d1 −
A2
d2
ω2 + A3
(
1
d1
+ 2d2
)
ω4 has two positive zeros satisfying
ω21,2 =
A2
2A3
d1
2d1+d2
±√D if and only if the discriminant
(12) D =
(
A2
2A3
d1
2d1 + d2
)2
− A1
A3
d2
2d1 + d2
is positive. In this case it follows that ω21 <
A2
4A3
and ω22 <
A2
2A3
. In particular, as long as
ω < ω2 there holds f˙2 > 0.
Notice that in geometric applications one has A1 = d1(d1 − 1) and hence d1 = 1 if and
only if ω1 = 0,
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Remark 3.1. According to [Win17][Remark 3.18 and Proposition 3.20] complete Ricci
flat trajectories can only exist if D ≥ 0 as this is the condition for the associated cone
solutions to be real valued.
Inserting the definitions of the constants A1, A2, A3 into (12), one obtains
D ≥ 0 if and only if (Ric
G/H)2
4||A||2 ≥ (2d1 + d2)
d1 − 1
d1
.
In particular, this is the case for all examples induced by the Hopf fibrations, cf. [Win17].
Naturally, the discriminant D also occurs in Bo¨hm’s [Bo¨h98] discussion of the Einstein
two summands system.
Lemma 3.2. Fix d1 ≥ 1, A1 = d1(d1 − 1) ≥ 0, A3 > 0 and suppose that D ≥ 0. As long
as f˙2 > 0 and ω < ω2 the following estimate holds
ω¨ ≤ d1 − 1
ω
(
1
f¯2
− ω˙2
)
+ ω˙(u˙− nf˙2
f2
).
In particular, if furthermore C = 0 or C < 0 and ε ≥ 0, then ω˙ > f¯−1 implies that ω¨ ≤ 0.
Proof. The function f(ω) = 2d1+d2d1d2 A3(ω
2
1 − ω2)(ω22 − ω2) has a local maximum at the
origin and in particular one has f(ω) ≤ f(0) = A1d1 = d1 − 1 if 0 ≤ ω ≤ ω2. Since f2 is
increasing there holds f2(t) ≥ f2(0) = f¯ for t ≥ 0. Then first claim follows from
ω¨ =
1
ω
(
f(ω)
f22
− (d1 − 1)ω˙2
)
+ ω˙(u˙− nf˙2
f2
).
If ε ≥ 0 and C ≤ 0, the soliton potential either vanishes identically or is strictly decreasing
by proposition 2.2. In particular, there holds u˙ ≤ 0 and this completes the proof. 
Theorem 1.3 now follows from proposition 3.3 below, which moreover produces complete
steady and expanding Ricci solitons if D ≥ 0 and d1 > 1 and hence covers all known
geometric examples. The case of a collapsing circle d1 = 1 will be considered in proposition
3.5.
Proposition 3.3. Suppose that d1 > 1, D ≥ 0 and ε ≥ 0. For any f¯0 > 0 there exists a
constant C0 < 0 such that for any C ≤ C0 and any f¯ > f¯0 the steady and expanding two
summands Ricci soliton metrics with initial condition (11) are complete.
In particular, these give rise to a 1-parameter family of complete steady and a 2-
parameter family of complete expanding Ricci solitons.
Proof. The claim follows literally as in [Win17][Proofs of 3.8 - 3.11] once the invariance
of the set {
f˙2 > 0 and 0 < ω < ω2
}
(13)
under the Ricci soliton ODE has been established for all t > 0.
Observe that it directly follows from the two summands Ricci soliton ODE that ω < ω2
implies f˙2 > 0. It therefore remains to show that there are initial conditions as claimed
so that ω cannot exceed ω2 if f˙2 > 0.
Recall that d1 > 1 implies that ω1 > 0. Suppose that ω1 < ω < ω2 and t∗ is the first
time such that ω(t∗) = ω1. Then monotonicity of f2 implies that f1(t∗) ≥ ω1f¯ . It follows
a posteriori that one can assume ω˙(t∗) > 0. The ODE for ω implies that
d
dt
ω˙ ≤ ω˙ d
dt
{
u˙− (d1 − 1) f˙1
f1
− (d2 + 1) f˙2
f2
}
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and with lemma 3.2 it follows that
ω˙(t) ≤ ω˙(t∗)f
d1−1
1 (t∗)f
d2+1
2 (t∗)
fd1−11 (t)f
d2+1
2 (t)
exp(u(t)− u(t∗)) ≤ ω˙(t∗) ≤ 1
f¯
for all t ≥ t∗ and as long as ω1 ≤ ω ≤ ω2. Notice that in particular ω < ω2 holds on the
interval (t∗, t∗ + T ), where T = f¯0(ω2 − ω1).
Notice that due to the monotonicity of f1, f2 one has
(14) − trgt B =
2∑
i=1
Ai
f2i (t)
≤
2∑
i=1
Ai
f2i (t∗)
≤ A1
ω21 f¯
2
+
A2
f¯2
<∞
for all t ≥ t∗.
Now, according to theorem 2.4, the following holds: For any c > 0, any τ ∈ (0, T ) and
any f¯0 > 0 there exists a constant C0 < 0 such that along any two summands Ricci soliton
trajectory whose initial conditions (11) satisfy C < C0 and f¯ > f¯0 the soliton potential
obeys the estimate
u(t) ≤ u(τ + t∗)− c(t− (τ + t∗))
for all t ≥ τ + t∗ and as long as ω < ω2.
Due to the monotonicity of f1, f2 and u and the a priori bound on ω˙ in lemma 3.2 it
thus follows that
ω(t) ≤ ω(τ + t∗) + ω˙(t∗)
∫ t
τ+t∗
exp(u(s)− u(t∗))ds
≤ ω(τ + t∗) + ω˙(t∗)
c
≤ ω1 + 1
f¯0
(
τ +
1
c
)
< ω2
for all t ≥ τ + t∗ if c > 0 is chosen large enough and τ > 0 small enough. Observe that
the choices of c, τ > 0 and hence C0 ≤ 0 depend on f¯0 > 0 but not on t∗. This implies
that the corresponding trajectories with C < C0 indeed satisfy ω(t) < ω2 for all t ≥ 0
and this completes the proof. 
Remark 3.4. According to [Win17][Proposition 3.6], one can actually choose C0 = 0 in
proposition 3.3 if (d1 + 1)A
2
2 > 4d1d2(2d1 + d2)A3.
Notice that condition (14) cannot hold at t = 0 if d1 > 1 because f1(0) = 0 implies
that trgt B diverges as t→ 0.
However, if d1 = 1, the fact that A1 = d1(d1 − 1) = 0 simplifies the proof because it
implies that t∗ = 0 and that (14) already holds initially. In this case, d1 = 1, the two
summands system can be used to describe Ricci soliton metrics on complex line bundles
over Fano Ka¨hler Einstein manifolds, cf. [Win17][Section 3.2.1]. In the case of steady
Ricci solitons the following argument is due to Appleton [App17], who moreover found
a non-collapsed Ricci soliton. Stolarski [Sto17] also describes these solitons. Proposition
3.5 extends their results to the expanding case.
Proposition 3.5. Let d1 = 1 and ε ≥ 0. For any f¯0 > 0 there exists a constant C0 ≤ 0
such that for all C < C0 and f¯ > f¯0 the steady and expanding Ricci soliton trajectories
with initial condition (11) give rise to families of complete Ricci soliton metrics on complex
line bundles over Fano Ka¨hler Einstein manifolds.
In particular these families include examples of non-Ka¨hler type.
Proof. Recall that d1 = 1 implies that ω1 = 0 and ω2 =
A2
A3
d1
2d1+d2
. As in the proof of
proposition 3.3, it suffices to show that (13) is preserved.
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Clearly, ω < ω2 still implies f˙2 > 0 and as ω(0) = 0 the condition ω < ω2 holds initially.
Moreover, since u(0) = 0, one concludes as in the proof of proposition 3.3 that
ω˙(t) ≤ ω˙(0)f
d2+1
2 (0)
fd2+12 (t)
exp(u(t)) ≤ ω˙(0) = 1
f¯
as long as ω(t) < ω2. In particular, this condition is satisfied on [0, ω2f¯).
Furthermore, − trgt B =
∑2
i=1
Ai
f2i (t)
= A2
f2
2
(t)
≤ A2
f¯2
<∞ also holds as long as ω(t) < ω2.
Thus, theorem 2.4 implies the following:
Let f¯0 > 0, c > 0 and τ ∈ (0, ω2f¯0). Then there exists a constant C0 < 0 such that
along any two summands Ricci soliton trajectory with d1 = 1 and C < C0, f¯ > f¯0 in (11)
the soliton potential satisfies u(t) ≤ u(τ)− c(t− τ) for all t ≥ τ and as long as ω < ω2.
Thus, one concludes that
ω(t) ≤ ω(τ) + ω˙(0)
∫ t
τ
exp(u(s))ds ≤ 1
f¯
(
τ +
1
c
)
< ω2
for all t ≥ τ if c > 0 is chosen large enough and τ > 0 sufficiently small. In particular, in
this case, ω(t) < ω2 holds for all t ≥ 0. 
Remark 3.6. It follows from [Win17][Proposition 3.12] that if A22 > 2d2(d2 + 2)A3
proposition 3.5 holds already with C0 = 0.
3.2. Generalisations of the circle-bundle case. In this section two generalisations of
proposition 3.5 will be discussed.
3.2.1. The Dancer-Wang set-up. Extending earlier work of Cao [Cao96] and Feldman-
Ilmanen-Knopf [FIK03], Dancer-Wang [DW11] have found explicit families of Ka¨hler Ricci
solitons on certain complex line bundles over products of Fano Ka¨hler Einstein manifolds.
Their construction assumes that the Euler class of the line bundle is a rational linear
combination of the first Chern classes of the base manifolds. It will be shown that in
fact on these line bundles there exist continuous families of steady and expanding Ricci
solitons, thus proving theorem 1.1. The precise geometric set-up is the following:
Let {(Vi, Ji, hi)}i=1,...,m be Fano Ka¨hler Einstein manifolds of real dimension di = 2ni.
Then the first Chern classes are c1(Vi, Ji) = piρi for positive integers pi and indivisible
classes ρi ∈ H2(Vi,Z). Suppose that the Ka¨hler metrics hi are normalised such that
Ric(hi) = pihi and let ηi be the Ka¨hler form associated to hi. Choose q1, . . . , qm ∈ Z\{0}
and consider the principal circle bundle pi : P → B with Euler class ∑mi=1 qipi∗i ρi. Notice
that on P there exists a principal connection θ with curvature Ω =
∑m
i=1 qipi
∗
i ηi.
Then the Ricci soliton equations on I × P with respect to the Riemannian metric
g = dt2 + gt, where gt = f
2(t)θ ⊗ θ +∑mi=1 g2i (t)pi∗i hi, are given by
u¨ =
f¨
f
+
m∑
i=1
di
g¨i
gi
− ε
2
,
d
dt
f˙
f
= −(−u˙+ tr(L)) f˙
f
+
ε
2
+
m∑
i=1
diq
2
i
4
f2
g4i
,
d
dt
g˙i
gi
= −(−u˙+ tr(L)) g˙i
gi
+
ε
2
+
pi
g2i
− q
2
i
2
f2
g4i
,
where L = diag
(
f˙
f ,
g˙1
g1
Id1 , . . . ,
g˙m
gm
Idm
)
is the shape operator of the principal hypersurface.
A solution to these equations on [0,∞) × P induces a complete Ricci soliton on the
associated complex line bundle if the smoothness conditions
f(0) = 0, f˙(0) = 1 and gi(0) > 0, g˙i(0) = 0, and u(0) = u˙(0) = 0, 2u¨(0) = C,(15)
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are imposed, where C is the constant in the conservation law (3). Recall that if ε ≥ 0
then C ≤ 0 is a necessary condition to obtain a complete solution.
The Ka¨hler condition for the metric on the associated complex line bundle becomes
d
dtg
2
i = −qif for i = 1, . . . ,m and hence can only be satisfied of qi < 0, cf. [WW98].
Fix ε ≥ 0 and observe that 2 g¨i(0)gi(0) =
ε
2 +
pi
g2i (0)
> 0 implies that g˙i(t) > 0 for sufficiently
small t > 0.
Suppose that C0 ≥ 1 is a constant to be specified later and ωi = fgi and Qij =
gi
gj
are
bounded by
(16) ω2i ≤
1
mC20
4
(di + 2)q
2
i
min
k∈{1,...,m}
{pk} and Qij ≤ C0
for all i, j = 1, . . . ,m. Notice that the condition on ωi is automatically satisfied initially
as ωi(0) = 0 and that it implies
pi
g2i
− q
2
i
2
f2
g4i
≥ dipi
di + 2
1
g2i
.(17)
In particular, as long as (17) holds one has g˙i > 0 for i = 1, . . . ,m. The condition on Qij
can simply be satisfied initially by choosing C0 ≥ 1 sufficiently large.
Remark 3.7. Notice that the a priori bound (16) also implies that all Qij are bounded
from below.
If m = 1 one can choose C0 = 1 and the condition ω
2 < 4p
(d+2)q2
is the same as in
proposition 3.5.
It will be shown that for a suitable choice of initial conditions in (15) the bounds in (16)
are preserved along the corresponding steady and expanding Ricci soliton trajectories.
Observe that ωi =
f
gi
satisfies the equations
ω˙i = ωi
{
f˙
f
− g˙i
gi
}
and
ω¨i = ω˙i

u˙− (di + 1) g˙igi −
∑
j 6=i
dj
g˙j
gj

+ ωig2i

q
2
i
2
ω2i − pi +
m∑
j=1
djq
2
j
4
f2
g2j
g2i
g2j

 .
Lemma 3.8. Let ε ≥ 0 and fix ε0, g¯ > 0. Then there exists a constant C1 ≤ 0 such that
along any Ricci soliton trajectory with C < C1 and gi(0) > g¯ for all i = 1, . . . ,m in (15)
the estimate ωi < ε0 is preserved for all i = 1, . . . ,m as long as (16) holds.
Proof. Observe that as long as assumption (16) is satisfied the second term in the expres-
sion for ω¨i is negative. Since ω˙i(0) =
1
gi(0)
, this implies as before that
ω˙i(t) ≤
gdii (0)
∏
j 6=i g
dj
j (t0)
gdi+1i (t)
∏
j 6=i g
dj
j (t)
exp(u(t)) ≤ 1
gi(0)
for t ≥ 0 and as long as (16) holds. Observe that the bound on ωi in (16) clearly holds
on an interval [0, T ], where T > 0 only depends on g¯ > 0 and the bound itself.
In order to apply theorem 2.4, note that the Ricci soliton ODE and (17) imply positive
definiteness of the shape operator, and that − trgt B =
∑m
i=1
dipi
g2i (t)
≤ ∑mi=1 dipig2i (0) < ∞ is
uniformly bounded in terms of g¯ > 0 and geometric or topological data. Hence, for all
c > 0 and all τ ∈ (0, T ) there exists a constant C1 ≤ 0 such that for all C < C1 one has
−u˙ ≥ c for all t > τ and as long as (16) holds. This implies that
ωi(t) ≤ ωi(τ) + ω˙i(0)
∫ t
τ
exp(u(s))ds ≤ 1
gi(0)
(
τ +
1
c
)
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and hence for sufficiently small τ > 0 and sufficiently large c > 0, the condition ωi < ε0
is preserved along the Ricci soliton trajectory. 
Now the existence of an a priori bound for the quotient Qij =
gi
gj
will be established.
Observe that
Q˙ij = Qij
{
g˙i
gi
− g˙j
gj
}
and
Q¨ij = Q˙ij
{
u˙− tr(L) + g˙i
gi
− g˙j
gj
}
+Qij
{
pi
g2i
− q
2
i
2
f2
g4i
−
(
pj
g2j
− q
2
j
2
f2
g4j
)}
.
It is easy to check that the initial conditions
Q˙ij(0) = 0 and Q¨ij(0) =
1
2
Qij(0)
{
pi
g2i (0)
− pj
g2j (0)
}
hold.
As a first step, an a priori estimate on Q˙ij will be derived:
Lemma 3.9. As long as (17) holds one has the estimate
Q¨ij ≤ Q˙ij
{
u˙− tr(L) + g˙i
gi
− g˙j
gj
}
+Qij
pi
g2i
= Q˙ij

u˙−
∑
k 6=i,j
dk
g˙k
gk
− (di + dj) g˙j
gj

+ 1Qij
{
pi
g2j
− (di − 1)Q˙2ij
}
.
In particular, if furthermore C = 0 or C < 0 and ε ≥ 0, then Q˙ij(t0) >
√
pi
di−1
1
g2j (0)
implies Q¨ij(t0) < 0 and hence the a priori bound
Q˙ij(t) ≤ max
{√
pi
di − 1
1
g2j (0)
}
.
Proof. The first part is a straightforward calculation and for the second part recall that
(17) implies that g˙i > 0 for i = 1, . . . ,m and that for steady and expanding Ricci solitons
the soliton potential is decreasing according to proposition 2.2. 
Lemma 3.10. Suppose that ε ≥ 0 and set C0 = max
{
Qij(0),
√
dj+2
dj
pi
pj
}
+ 1. Then for
every g¯ > 0 there exists a constant C1 ≤ 0 such that along any Ricci soliton trajectory with
C < C1 and gi(0) > g¯ for all i = 1, . . . ,m in (15) the a priori bound (16) is preserved.
Proof. Observe that by assumption the equation for Q¨ij and (17) imply that
Q¨ij ≤ Q˙ij
{
u˙− tr(L) + g˙i
gi
− g˙j
gj
}
+
Qij
g2i
{
pi − djpj
dj + 2
Q2ij
}
.
Now suppose that Qij(t) ≥
√
dj+2
dj
pi
pj
for t > t0 and t0 ≥ 0 is minimal with that property.
It follows a posteriori that Q˙ij(t0) > 0 can be assumed and then
Q˙ij ≤ Q˙ij(t0)
(
gdi−1i g
dj+1
j
∏
k 6=i,j g
dk
k
)
(t0)(
gdi−1i g
dj+1
j
∏
k 6=i,j g
dk
k
)
(t)
exp(u(t)− u(t0)) ≤
√
pi
di − 1
1
g2j (0)
holds for t ≥ t0. Notice in particular that the bound on Qij in (16) is still satisfied on
[t0, t0 + T ), where T = g¯ ·max{di−1pi }−1/2 > 0 can be chosen due to the definition of C0.
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Set ε0 = C0 in lemma 3.8. As the proof shows, for any c > 0 and any τ0 > 0 there
exists a constant C ′ ≤ 0 such that along any Ricci soliton trajectory with C < C ′ and
gi(0) > g¯ for all i = 1, . . . ,m in (15) one has −u˙(t) ≥ c for all t > τ0 as long as (16) holds.
This implies that ωi ≤ C0 for a sufficiently small choice of τ0 > 0 and a sufficiently large
choice of c > 0.
Recall the due to (16) the shape operator is positive definite and that the bound
− trgt B ≤
∑m
i=1
dipi
g2i (0)
was established in the proof of lemma 3.8 for t ≥ 0.
Fix τ0 < T and apply theorem 2.4 with c∗ =
∑m
i=1
dipi
g¯2
, c > 0, t∗ = t0 and τ = τ0 + t0.
This yields a constant C ′′ ≤ 0 such that along any Ricci soliton trajectory with C < C ′′
and gi(0) > g¯ for all i = 1, . . . ,m in (15) one has −u˙(t) ≥ c for all t > τ and as long as
(16) holds. Then
Qij(t) ≤ Qij(τ) + Q˙ij(t0)
∫ t
τ
exp(u(s)− u(t0))ds
≤ Qij(τ) + Q˙ij(t0)
c
≤ Qij(t0) +
√
pi
di − 1
1
g2j (0)
(
τ − t0 + 1
c
)
< C0
for a sufficiently small choice of τ − t0 = τ0 > 0 and a sufficiently large choice of c > 0.
Recall that the constants C ′, C ′′ ≤ 0 in theorem 2.4, for which the linear growth rate
−u˙ ≥ c is guaranteed if u¨(0) < C ′, C ′′, respectively, only depend c∗, c > 0 and the
difference τ − t∗ = τ0 > 0, but neither on t∗ nor τ. Hence there is a uniform choice of
τ0 ∈ (0, T ) and c > 0 which implies that (16) is preserved along the Ricci soliton trajectory
provided that u¨(0) < C ≤ C1 := min{C ′, C ′′} ≤ 0 and gi(0) > g¯ for all i = 1, . . . ,m. 
Proposition 3.11. Let ε ≥ 0. Consider a maximal Einstein or Ricci soliton trajectory in
the Dancer-Wang set-up with initial conditions (15) and u¨(0) ≤ 0. Suppose that f2
g2i
< 2pi
q2i
holds along the entire trajectory if qi 6= 0.
Then this trajectory is defined for all t ≥ 0 and corresponds to a complete Einstein or
Ricci soliton metric.
Proof. In view of remark 2.1 set L = 1−u˙+tr(L) and consider the rescaling dds = L · ddt . In
the coordinates
X0 = L · f˙
f
, Xi = L · g˙i
gi
and Y0 =
L
f
, Yi =
L
gi
,
for i = 1, . . . ,m, the Ricci soliton ODE takes the form
d
ds
X0 = X0

 m∑
j=0
djX
2
j −
ε
2
L2 − 1

+ ε
2
L2 +
m∑
j=1
djq
2
j
4
Y 4j
Y 20
,
d
ds
Xi = Xi

 m∑
j=0
djX
2
j −
ε
2
L2 − 1

 + ε
2
L2 + piY 2i −
q2i
2
Y 4i
Y 20
, for i = 1, . . . ,m,
d
ds
Yi = Yi

 m∑
j=0
djX
2
j −
ε
2
L2 −Xi

 , for i = 0, . . . ,m,
d
ds
L = L

 m∑
j=0
djX
2
j −
ε
2
L2

 ,
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where d0 = 1. The initial conditions (15) correspond to the critical point X0 = Y0 = 1
and Xi = Yi = 0 for i = 1, . . . ,m.
The trajectory then flows into the Einstein or Ricci soliton locus{
m∑
i=0
diXi = 1 and
m∑
i=0
diX
2
i +
m∑
i=1
dipiY
2
i −
m∑
i=1
diq
2
i
4
Y 4i
Y 20
+ (n− 1)ε
2
L2 = 1
}
,
{
m∑
i=0
diXi < 1 and
m∑
i=0
diX
2
i +
m∑
i=1
dipiY
2
i −
m∑
i=1
diq
2
i
4
Y 4i
Y 20
+ (n− 1)ε
2
L2 < 1
}
,
respectively, each of which is preserved by the Ricci soliton ODE according to remark 2.1.
Hence, the assumption
Y 2i
Y 2
0
< 2pi
q2i
implies that
m∑
i=0
diX
2
i +
m∑
i=1
dipi
2
Y 2i + (n− 1)
ε
2
L2 ≤ 1.
In particular, the variables L, Xi, for i = 0, . . . ,m and Yi, YiY0 for i = 1, . . . ,m all remain
bounded along the flow.
Notice that
d
ds
Yi
Y0
=
Yi
Y0
(X0 −Xi),
so the Ricci soliton ODE is equivalent to an ODE system with polynomial right hand
side whose variables remain bounded along the flow. Therefore, this system is defined
for all s ∈ R. The original time slice, the soliton potential and the metric can indeed be
recovered via
t(s) = t(s0) +
∫ s
s0
L(τ)dτ and u˙ =
∑m
j=0 djXj − 1
L and f =
L
Y0
and gi =
L
Yi
for i = 1, . . . ,m. It remains to show that t → ∞ as s → ∞. However, since Y 2i
Y 2
0
< 2pi
q2i
implies that Xi > 0 along the flow, this can be shown as in [Win17][Proposition 3.9 and
Corollary 3.11]. 
Remark 3.12. The Ka¨hler condition for the metric gives rise to the preserved locus of
trajectories satisfying
X2i =
q2i
4
Y 4i
Y 20
and Xi(X0 + 1) = piY
2
i +
ε
2
for i = 1, . . . ,m.
3.2.2. The Lu¨-Page-Pope set-up. Let L be the total space of a complex line bundle over a
single Fano Ka¨hler Einstein manifold, whose Euler class is a rational multiple of the first
Chern class of the base, equipped with the same geometry as in section 3.2.1. Lu¨-Page-
Pope [LPP04] have found Ricci flat metrics on L × Sm, for m > 1, of warped product
type by exhibiting an explicit formula. More generally, in their construction the factor Sm
can be replaced by any Einstein manifold (Nd2 , h2) of positive Ricci curvature. Suppose
that RicN = (d2 − 1)h2. Then, with the same notation as in section 3.2.1 to describe the
metric on the S1-bundle, the metric on the principal hypersurface is given by the warped
product
gt = f(t)
2θ ⊗ θ + g1(t)2pi∗h1 + g2(t)2h2
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and the Ricci soliton equations are given by ODE system
u¨ =
f¨
f
+
2∑
i=1
g¨i
gi
− ε
2
,
d
dt
f˙
f
= − f˙
f
(−u˙+ tr(L)) + ε
2
+ d1
q21
4
f2
g41
,
d
dt
g˙1
g1
= − g˙1
g1
(−u˙+ tr(L)) + ε
2
+
p1
g21
− q
2
1
2
f2
g41
,
d
dt
g˙2
g2
= − g˙2
g2
(−u˙+ tr(L)) + ε
2
+
d2 − 1
g22
.
This ansatz gives rise to smooth Ricci soliton metrics provided the initial conditions
f(0) = 0, f˙(0) = 1 and gi(0) > 0, g˙i(0) = 0, and u(0) = u˙(0) = 0, 2u¨(0) = C,(18)
are satisfied, where C ≤ 0 is the constant in the conservation law (3).
Notice that this is a special case of the Dancer-Wang set-up in section 3.2.1 if one
chooses p2 = d2 − 1 and q2 = 0. However, this allows a simplified argument, which shall
briefly be sketched.
Fix ε ≥ 0. As in section 3.2.1 one has g¨1(0) > 0 and the assumption d2 > 1 implies
that also 2 g¨2(0)g2(0) =
ε
2 +
d2−1
g2
2
(0)
> 0. In particular it follows that g˙i(t) > 0 for i = 1, 2 and
sufficiently small t > 0. Furthermore it is clear from the ODE system that f˙ > 0 and
g˙2 > 0 are preserved. Due to proposition 3.11, in order to establish completeness, it
suffices to show that the set{
g˙1 > 0 and
f2
g21
<
4p1
(d1 + 2)q
2
1
}
is preserved by the Ricci soliton ODE if ε ≥ 0. This is now straightforward:
Consider the quotient ω1 =
f
g1
. It satisfies the ODE
ω¨1 = ω˙1 · d
dt
{
u− ln gd1+11 gd22
}
+
ω1
g21
{
(d1 + 2)q
2
1
4
ω21 − p1
}
.
In particular, as long as ω21 <
4p1
(d1+2)q21
, one has
ω˙1(t) ≤ (g
d1
1 g
d2
2 )(0)
(gd1+11 g
d2
2 )(t)
exp(u(t)) ≤ 1
g1(0)
as u(0) = 0 and ω˙1(0) =
1
g1(0)
. Then the same procedure as in the proof of proposition
3.5 yields theorem 1.2:
Proposition 3.13. Let d2 > 1 and ε ≥ 0. Then for any g¯ > 0 there exists a constant
C0 ≤ 0 such that the steady and expanding Ricci soliton trajectories in the Lu¨-Page-Pope
set-up with C < C0 and gi(0) > g¯ for i = 1, 2 in (18) and are complete.
Remark 3.14. It is easy to check that the proof of proposition 3.13 also works if ε > 0
and d2 = 1. Moreover, in this case, it is sufficient to assume g2(0) > 0.
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